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Abstract. Based on the motivation of generalizing the correspondence between the Lax
equation for the Toda lattice and the deformation theory of the orthogonal polynomials, we
derive a q-deformed version of the Toda equations for both q-Laguerre/Hermite ensembles,
and check the compatibility with the quadratic relation.
1. Introduction
There is an interesting correspondence between the Lax pair formulation of the Toda
system [1, 2] and the deformation theory of the orthogonal polynomial systems [3]. In the
simplest scenario, Flaschka’s Lax pair equation [4] for the one-dimensional periodic Toda
lattice [5, 6]
H :=
∑
n
1
2
P 2n +
(
eQn−1−Qn − 1) , (1.1)
an := e
(Qn−1−Qn)/2, a0 := aN , (1.2)
bn := −Pn, b0 := bN , (1.3)
L :=


b0 a1 0 · · · aN
a1 b1 a2 · · · 0
0 a2 b2 · · · 0
...
...
...
...
...
aN 0 0 0 bN−1

 = Lt, (1.4)
B :=


0 a1 0 · · · −aN
−a1 0 a2 · · · 0
0 −a2 0 · · · 0
...
...
...
...
...
aN 0 0 −aN−1 0

 = −Bt, (1.5)
Date: November 9, 2018.
2010 Mathematics Subject Classification. 33D45, 39A45.
Key words and phrases. orthogonal polynomials, Laguerre polynomial, Hermite polynomial, Hankel de-
terminants, Toda equation, matrix model.
1
2 CHUAN-TSUNG CHAN
†
AND HSIAO-FAN LIU
‡
2L˙ = [B,L] = BL− LB, (1.6)
is equivalent to the Hamiltonian equations of the Toda system,
a˙n =
an
2
(bn − bn−1)⇔ Q˙n = ∂H
∂Pn
= Pn, (1.7)
b˙n =
(
a2n+1 − a2n
)⇔ P˙n = − ∂H
∂Qn
= eQn−1−Qn − eQn−Qn+1. (1.8)
On the other hand, for general orthonormal polynomial system with a weight function
w0(x), ∫
pm(x)pn(x)w0(x) dx = δmn, (1.9)
there exist the well-known three-term recursive relations [7, 8, 9],
xpn(x) = an+1pn+1(x) + bnpn(x) + anpn−1(x). (1.10)
Upon the following exponential deformation (or time evolution)
w0(x)→ w(x; t) := w0(x)e−tx, (1.11)
the orthogonal polynomials and the recursive coefficients acquire t-dependences:
pn(x)→ pn(x, t), an → an(t), bn → bn(t), (1.12)
and one can show that they satisfy the same relation, Eqs.(1.7),(1.8) (see Theorem 2.2 below).
In addition to the correspondence mentioned above, given two sets of orthogonal polyno-
mials, if their weights are related by a quadratic relation
w(x; t) = |x|v(x2; t), (1.13)
then we can show that the recursive coefficient of the former set of orthogonal polynomials
can be related to that of the later (The details will be given in Sec. 2).
In this paper, we wish to generalized the correspondence and check the compatibility of
quadratic relation in a discrete setting of the orthogonal polynomials. For this purpose,
we focus on a q-generalization of the Laguerre polynomials and the corresponding q-Hermite
polynomials. Our main goal is to derive the corresponding q deformation/evolution equations
for each systems.
This paper is organized as follows: to set up the notations and introduce the idea of
quadratic relation, we give a brief review of q-Laguerre and q-Hermite polynomials in Sec.
2. Then we derive the q-Toda equations for the Laguerre/Hermite polynomials in Sec. 3. A
brief summary and conclusion will be addressed in Sec. 4.
2. The Quadratic Relations for the Laguerre/Hermite Orthogonal
Polynomials
2.1. Review of the quadratic relation among recursive coefficients for the orthog-
onal polynomials associated with the classical Laguerre/Hermite weights.
Given the classical Laguerre weight defined as
v(α)(x; κ) := xα exp(−κx), 0 ≤ κ, −1 < α, 0 ≤ x, (2.1)
3we can compute the orthonormal polynomials p
(α)
n (x; κ) as
∫
∞
0
p(α)m (x; κ)p
(α)
n (x; κ)v
(α)(x; κ)dx = δmn (2.2)
through Gram-Schmidt process.
Similarly, from the classical Hermite weight,
ω(α)(x; κ) := |x|2α+1 exp(−κ2x2), 0 ≤ κ, x ∈ R, (2.3)
we obtain associated orthonormal polynomials P
(α)
n (x, κ) as
∫
∞
−∞
P (α)m (x; κ)P
(α)
n (x; κ)ω
(α)(x; κ)dx = δmn. (2.4)
The quadratic relation among these two sets of orthonormal polynomials is based on a
simple connection between the Lagurre and Hermite weights. Namely,
ω(α)(x; κ) = |x|v(α)(x2; κ2). (2.5)
One immediate consequence of Eq. (2.5) is that, the orthonormal polynomials P
(α)
n (x; κ) can
be expressed in terms of the orthogonal polynomials p
(α)
n (x; κ) as follows,
P
(α)
2n (x; κ) = p
(α)
n (x
2; κ2), P
(α)
2n+1(x; κ) = xp
(α+1)
n (x
2; κ2). (2.6)
The set of orthonormal polynomials associated with any weight function can be viewed as
a complete set of basis for the function space. Hence, it induces a natural realization of the
Heisenberg algebra, [ d
dx
, x] = 1. In particular, the matrix elements of the position operator
consist of the three-term recursive coefficients among orthonormal polynomials. In the case
of the Laguerre weight, it is given as
xp(α)n (x; κ) = a
(α)
n+1(κ)p
(α)
n+1(x; κ) + b
(α)
n (κ)p
(α)
n (x; κ) + a
(α)
n (κ)p
(α)
n−1(x; κ), (2.7)
and in the case of the Hermite weight, we have
xP (α)n (x; κ) = A
(α)
n+1(κ)P
(α)
n+1(x; κ) + A
(α)
n (κ)P
(α)
n−1(x; κ). (2.8)
By computing x2P
(α)
n (x, κ) in two ways (see Theorem 2.1 for details), we obtain the quadratic
relation among the two sets of recursive coefficients:
a(α)n (κ
2) = A
(α)
2n (κ)A
(α)
2n−1(κ), (2.9)
b(α)n (κ
2) =
(
A
(α)
2n+1(κ)
)2
+
(
A
(α)
2n (κ)
)2
. (2.10)
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2.2. On the quadratic relation between generalized q-Laguerre/Hermite ensem-
bles.
In this paper, we take generalized little q-Laguerre and q-Hermite ensembles [7, 8, 9, 10,
11, 12] as an illustrative example of the quadratic relation. We consider the generalized little
q-Laguerre weight (0 ≤ κ < 1
q
)
v(α)(x; κ, q) := |x|α(qκx; q)
∞
= |x|α
∞∏
l=0
(1− ql+1κx), (2.11)
and the generalized q-Hermite weight
ω(α)(x; κ, q) = |x|2α+1(q2κ2x2; q2)
∞
= |x|v(α)(x2; κ2, q2). (2.12)
Given the orthonormal polynomials of the q-Laguerre ensemble p
(α)
n (x; κ, q), we can express
the orthonormal polynomials of the q-Hermite ensemble P
(α)
n (x; κ, q) as follows:
P
(α)
2n (x; κ, q) =
√
1 + q
2
p(α)n (x
2; κ2, q2) (even, deg = 2n), (2.13)
P
(α)
2n+1(x; κ, q) =
√
1 + q
2
xp(α+1)n (x
2; κ2, q2) (odd, deg = 2n+ 1). (2.14)
One can easily check that P
(α)
2n (x; κ, q) and P
(α)
2n+1(x; κ, q) satisfy the orthonormal conditions,
for instance,
∫ 1
−1
P
(α)
2m (x; κ, q)P
(α)
2n (x; κ, q)ω
(α)(x; κ, q)dqx
=2(1− q)
∞∑
k=0
P
(α)
2m (q
k; κ, q)P
(α)
2n (q
k; κ, q)ω(α)(qk; κ, q)qk
=2(1− q)
(
1 + q
2
)
∞∑
k=0
p(α)m (q
2k; κ2, q2)p(α)n (q
2k; κ2, q2)qkv(α)(q2k; κ2, q2)qk
=
∫ 1
0
p(α)m (x; κ
2, q2)p(α)n (x; κ
2, q2)v(α)(x; κ2, q2)dqx = δmn. (2.15)
5∫ 1
−1
P
(α)
2m+1(x; κ, q)P
(α)
2n+1(x; κ, q)ω
(α)(x; κ, q)dqx
=2(1− q)
∞∑
k=0
P
(α)
2m+1(q
k; κ, q)P
(α)
2n+1(q
k; κ, q)ω(α)(qk; κ, q)qk
=2(1− q)
(
1 + q
2
)
∞∑
k=0
qkp(α+1)m (q
2k; κ2, q2)qkp(α+1)n (q
2k; κ2, q2)qkv(α)(q2k; κ2, q2)qk
=(1− q2)
∞∑
k=0
p(α+1)m (q
2k; κ2, q2)p(α+1)n (q
2k; κ2, q2)v(α+1)(q2k; κ2, q2)q2k
=
∫ 1
0
p(α+1)m (x; κ
2, q2)p(α+1)n (x; κ
2, q2)v(α+1)(x; κ2, q2)dqx = δmn. (2.16)
Note that the q-integral (or Jackson integral) is defined in Eq.(A.1). The P
(α)
2m -P
(α)
2m+1 orthog-
onality is trivial due to the even parity of the generalized q-Hermite weight.
Similar to the classical cases Eqs. (2.9), (2.10), there exists a correspondence between
recursive coefficients associated with the generalized little q-Laguerre and q-Hermite ensem-
bles.
Theorem 2.1. The recursive coefficients associated with q-generalized Laguerre and Hermite
ensembles satisfying the following relations:
a(α)n (κ
2, q2) = A
(α)
2n (κ, q)A
(α)
2n−1(κ, q), (2.17)
b(α)n (κ
2, q2) =
(
A
(α)
2n+1(κ, q)
)2
+
(
A
(α)
2n (κ, q)
)2
, (2.18)
a(α+1)n (κ
2, q2) = A
(α)
2n+1(κ, q)A
(α)
2n (κ, q), (2.19)
b(α+1)n (κ
2, q2) =
[
A
(α)
2n+2(κ, q)
]2
+
[
A
(α)
2n+1(κ, q)
]2
. (2.20)
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Proof.
x2P
(α)
2n (x; κ, q)
= x
[
A
(α)
2n+1(κ, q)P
(α)
2n+1(x; κ, q) + A
(α)
2n (κ, q)P
(α)
2n−1(x; κ, q)
]
= A
(α)
2n+1(κ, q)
[
A
(α)
2n+2(κ, q)P
(α)
2n+2(x; κ, q) + A
(α)
2n+1(κ, q)P
(α)
2n−1(x; κ, q)
]
+ A
(α)
2n (κ, q)
[
A
(α)
2n (κ, q)P
(α)
2n (x; κ, q) + A
(α)
2n−1(κ, q)P
(α)
2n−2(x; κ, q)
]
=
[
A
(α)
2n+1(κ, q)A
(α)
2n+2(κ, q)
]
P
(α)
2n+2(x; κ, q) +
[(
A
(α)
2n+1(κ, q)
)2
+
(
A
(α)
2n (κ, q)
)2]
P
(α)
2n (x; κ, q)
+ [A
(α)
2n−1(κ, q)A
(α)
2n (κ, q)]P
(α)
2n−2(x; κ, q).
On the other hand, using the expression of Eq. (2.13), we have
x2P
(α)
2n (x; κ, q)
= x2
√
1 + q
2
p(α)n (x
2; κ2, q2)
=
√
1 + q
2
[
a
(α)
n+1(κ
2, q2)p
(α)
n+1(x
2; κ2, q2) + b(α)n (κ
2, q2)p(α)n (x
2; κ2, q2) + a(α)n (κ
2, q2)p
(α)
n−1(x
2; κ2, q2)
]
= a
(α)
n+1(κ
2, q2)P
(α)
2n+2(x; κ, q) + b
(α)
n (κ
2, q2)P
(α)
2n (x; κ, q) + a
(α)
n (κ
2, q2)P
(α)
2n−2(x; κ, q).
By comparing the coefficients on both expressions, we get Eqs.(2.17), (2.18).
If we examine similar calculations for the odd q-Hermite orthonormal polynomials, we get
x2P
(α)
2n+1 = [A
(α)
2n+3A
(α)
2n+2]P
(α)
2n+3
+ [
(
A
(α)
2n+2
)2
+
(
A
(α)
2n+1
)2
]P
(α)
2n+1 + [A
(α)
2n+1A
(α)
2n ]P
(α)
2n−1.
Alternatively,
x2P
(α)
2n+1(x; κ, q)
= x2
√
1 + q
2
xp(α+1)n (x
2; κ2, q2)
=
√
1 + q
2
[
a
(α+1)
n+1 (κ
2, q2)p
(α+1)
n+1 (x
2; κ2, q2) + b(α+1)n (κ
2, q2)p(α+1)n (x
2; κ2, q2) + a(α+1)n (κ
2, q2)p
(α+1)
n−1 (x
2; κ2, q2)
]
= a
(α+1)
n+1 (κ
2, q2)P
(α)
2n+3(x; κ, q) + b
(α+1)
n (κ
2, q2)P
(α)
2n+1(x; κ, q) + a
(α+1)
n (κ
2, q2)P
(α)
2n−1(x; κ, q).
Thus, we have shown Eqs.(2.19), (2.20). 
7Eliminating the recursive coefficients of the q-Laguerre orthonormal polynomials, a
(α)
n , b
(α)
n ,
in both sets of the equation, we obtain
A
(α)
2n (κ, q)A
(α)
2n−2(κ, q) = A
(α−1)
2n+1 (κ, q)A
(α−1)
2n (κ, q), (2.21)
and (
A
(α)
2n+1(κ, q)
)2
+
(
A
(α)
2n (κ, q)
)2
=
(
A
(α−1)
2n+2 (κ, q)
)2
+
(
A
(α−1)
2n+1 (κ, q)
)2
. (2.22)
For the general κ case, we check the compatibility between the quadratic relation and the
evolution equations (w.r.t κ) in Sec. 3.
2.3. On the compatibility of the quadratic relation with deformation.
As mentioned in the introduction, our main calculations are about the derivation of the
discrete evolutions of the recursive coefficients with respect to parameter κ. Before we present
the details, it is useful to recall the basic idea in the classical case.
To begin with, we shall study the differential equations associated with the recursive coef-
ficients of the Laguerre/Hermite polynomials under the deformation of the weight.
Theorem 2.2. For the weight function of the Laguerre ensembles,
v(α)(x; t) := xα exp(−tx), (2.23)
the recursive coefficients a
(α)
n (t), b
(α)
n (t), defined as
xp(α)n (x; t) = a
(α)
n+1(t)p
(α)
n+1(x; t) + b
(α)
n (t)p
(α)
n (x; t) + a
(α)
n (t)p
(α)
n−1(x; t), (2.24)
satisfy the following differential equations
a˙(α)n =
a
(α)
n
2
(
b(α)n − b(α)n−1
)
,
b˙(α)n =
(
a
(α)
n+1
)2
− (a(α)n )2 . (2.25)
In order to compute the time derivatives of the recursive coefficients a
(α)
n , b
(α)
n , we first
compute the Fourier expansion of the time derivatives of the orthogonal polynomials:
∂
∂t
p(α)n (x; t) =
n∑
k=0
p
(α)
k (x; t)C
(α)
kn . (2.26)
Theorem 2.3.
∂
∂t
p(α)n (x; t) =
b
(α)
n
2
p(α)n (x; t) + a
(α)
n p
(α)
n−1(x; t). (2.27)
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Proof. By making the following projections, we can prove that the only non-zero terms in
the expansion (2.26) are C
(α)
n−1,n = a
(α)
n and C
(α)
nn =
b
(α)
n
2
. For C
(α)
nn ,
d
dt
∫
p(α)n p
(α)
n v
(α) dx = 0 (2.28)
⇒ 2
∫
p(α)n
[
∂
∂t
p(α)n
]
v(α) dx+
∫ [
p(α)n
]2 [ ∂
∂t
v(α)
]
dx = 0. (2.29)
Note that
∂
∂t
v(α)(x; t) = −xv(α)(x; t), (2.30)
and the first term gives 2C
(α)
nn . So we conclude that C
(α)
nn =
1
2
b
(α)
n .
Similarly, for C
(α)
n−1,n,
d
dt
[∫
p(α)n p
(α)
m v
(α) dx
]
= 0, (for m < n). (2.31)
If m = n− 1, we derive C(α)n−1,n = a(α)n , and if m < n− 1, we obtain C(α)mn = 0. In conclusion,
we get
∂
∂t
p(α)n (x; t) =
b
(α)
n
2
p(α)n (x; t) + a
(α)
n p
(α)
n−1(x; t). (2.32)

Having computed the Fourier coefficients of ∂
∂t
p
(α)
n (x; t), we now derive the evolution equa-
tions for a
(α)
n and b
(α)
n .
Proof of Theorem 2.2. We can compute the time-evolution of xp
(α)
n (x; t) in two ways. Firstly,
∂
∂t
[
xp(α)n
]
=
∂
∂t
[
a
(α)
n+1p
(α)
n+1 + b
(α)
n p
(α)
n + a
(α)
n p
(α)
n−1
]
(2.33)
=
(
a˙
(α)
n+1 +
1
2
a
(α)
n+1b
(α)
n+1
)
p
(α)
n+1 +
[(
a
(α)
n+1
)2
+ b˙(α)n +
1
2
(
b(α)n
)2]
p(α)n
+
(
a(α)n b
(α)
n + a˙
(α)
n +
1
2
a(α)n b
(α)
n−1
)
p
(α)
n−1 +
(
a(α)n a
(α)
n−1
)
p
(α)
n−2. (2.34)
9Next,
∂
∂t
[
xp(α)n
]
= x
[
∂
∂t
p(α)n
]
= x
[
b
(α)
n
2
p(α)n + a
(α)
n p
(α)
n−1
]
=
(
a
(α)
n+1b
(α)
n
2
)
p
(α)
n+1 +
[(
a(α)n
)2
+
1
2
(
b(α)n
)2]
p(α)n +
(
a(α)n b
(α)
n−1 +
1
2
a(α)n b
(α)
n
)
p
(α)
n−1
+
(
a(α)n a
(α)
n−1
)
p
(α)
n−2. (2.35)
By comparing the two equations, we prove Eq.(2.25). 
Similar calculations can be applied to the case of the Hermite ensembles, so we simply
state the results.
Theorem 2.4. For Hermite ensembles of orthonormal polynomials defined by the weight
function,
w(α)(x; t) := |x|2α+1 exp(−tx2), (2.36)
the Fourier expansion of the time-derivative of P
(α)
n is given as
∂
∂t
P (α)n =
1
2
[(
A
(α)
n+1
)2
+
(
A(α)n
)2]
P (α)n +
[
A
(α)
n−1A
(α)
n
]
P
(α)
n−2. (2.37)
Theorem 2.5. For Hermite ensembles, the recursive coefficients in the recurrence relation,
xP (α)n (x; t) = A
(α)
n+1(t)P
(α)
n+1(x; t) + A
(α)
n (t)p
(α)
n−1(x; t), (2.38)
satisfy the following differential equation
A˙(α)n =
1
2
A(α)n
[(
A
(α)
n+1
)2
−
(
A
(α)
n−1
)2]
. (2.39)
Note that the differential equation for the recursive coefficients, Eq.(2.39), is also known as
the Volterra equation. See [13, 14, 15] for further elaborations about the Lax pair formulation
of this equation.
Having obtained the evolution equations, Eqs.(2.25), (2.39), for the Laguerre and Hermite
ensembles, one can check that the quadratic relations, Eqs.(2.9), (2.10), are compatible with
the time evolutions. Our aim in this paper is to generalize these computations to a fully
q-discretized evolution of the q-Laguerre/Hermite orthogonal polynomial systems.
3. q-Generalization of the Toda equations from κ-deformation of the
little q-Laguerre/Hermite ensembles
3.1. q-Difference equations for the recursive coefficients of the q-Laguerre poly-
nomials.
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In this section, we study the q-difference equations describing the κ dependence of the re-
cursive coefficients a
(α)
n (κ), b
(α)
n (κ) associated with the generalized little q-Laguerre ensemble.
In the classical case, such equations correspond to the Lax equation of the Toda equations
[1, 2]. Hence, our results provide a q-generalization of the classical Toda equation. To
achieve this, we shall express the Fourier expansion (w.r.t κ variable) of the q-derivative on
the q-Laguerre orthonormal polynomials in terms of the recursive coefficients,
Dκq p(α)n (x, κ) =
n∑
j=0
p
(α)
j (x, κ)ξ
(α)
jn (κ). (3.1)
Following similar discussion as Theorem 2.3, we can express the Fourier coefficients of the
κ-deformation of the orthonormal polynomials in terms of the recursive coefficients, a
(α)
n and
b
(α)
n .
Theorem 3.1. The Fourier coefficients of the κ-deformation of the orthonormal polynomials
associated with the little q-Laguerre weight is given as (λ := (1− q)κ)
Dκq p(α)n (x, κ) = p(α)n (x, κ)ξ(α)nn (κ) + p(α)n−1ξ(α)n−1,n(κ). (3.2)
Here
ξ
(α)
n−1,n(κ) =
q
1− q a¯
(α)
n
1− λξ(α)n−1,n−1
=
(
q
1− q
)
a
(α)
n
1− λξ(α)nn
, (3.3)
ξ(α)nn (κ) =
1√
2(1− q)κ


√
2−
√√√√(1− qκb¯(α)n ) +
√
1− 2qκb¯(α)n + 4(qκ)2
[(
b¯
(α)
n
)2
−
(
a
(α)
n
)2]
 ,
(3.4)
and
a¯(α)n (κ) := a
(α)
n (qκ), b¯
(α)
n (κ) := b
(α)
n (qκ). (3.5)
Proof. The main point of this theorem is to find an expression relating ξ
(α)
nn in terms of the
recursive coefficients a
(α)
n , b
(α)
n . By taking q-derivative w.r.t κ variable on the orthonormal
condition, and recalling the q-Leibniz rule, Eq.(A.7), we derive a master equation among
these Fourier coefficients.
Dκq
[∫ 1
0
p(α)m (x, κ)p
(α)
n (x, κ)v
(α)(x, κ)dqx
]
= 0. (3.6)
This implies for m ≤ n,
(1− λξ(α)mm)ξ(α)mn − λ
m−1∑
j=0
ξ
(α)
jmξ
(α)
jn + δmnξ
(α)
nn = δm,n−1
[
q
1− q a¯
(α)
n
]
+ δmn
[
q
1− q b¯
(α)
n
]
. (3.7)
From these results, we can extract useful information by specifying the value of m:
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Case 1: m ≤ n− 2
We find, by induction, ξ
(α)
mn(κ) = 0, if m ≤ n − 2. Consequently, there are only two
terms in the q-derivative (w.r.t κ variable) of the q-Laguerre orthonormal polynomials,
Dκq p(α)n (x, κ) = p(α)n (x, κ)ξ(α)nn (κ) + p(α)n−1ξ(α)n−1,n(κ). (3.8)
Case 2: m = n− 1
In this case, we relate the two Fourier coefficients as follows:
ξ
(α)
n−1,n =
q
1− q a¯
(α)
n
1− λξ(α)n−1,n−1
=
(
q
1− q
)
a
(α)
n
1− λξ(α)nn
. (3.9)
Case 3: m = n
By suitable rearrangements, we derive a recursive equation relating the diagonal
Fourier coefficients ξ
(α)
nn to the recursive coefficients a
(α)
n , b
(α)
n as follows:
(1− λξ(α)nn )2 +
(qκa¯
(α)
n )2
(1− λξ(α)n−1,n−1)2
= 1− qκb¯(α)n . (3.10)
By using Eq.(3.22), we can rewrite Eq.(3.10) as a quadratic equation for (1− λξ(α)nn )2,
(1− λξ(α)nn )2 +
(qκa
(α)
n )2
(1− λξ(α)nn )2
= 1− qκb¯(α)n . (3.11)
From the solution of this equation, we then obtain an expression of ξ
(α)
nn in terms of a
(α)
n and
b¯
(α)
n ,
ξ(α)nn =
1√
2(1− q)κ


√
2−
√√√√(1− qκb¯(α)n ) +
√
1− 2qκb¯(α)n + 4(qκ)2
[(
b¯
(α)
n
)2
−
(
a
(α)
n
)2]
 .
(3.12)

Recalling the definition of the q-derivative, Eq.(A.3), we can also transform this expansion
formula, Eq.(3.2), as a q-shifting relation (λ := (1− q)κ):
p(α)n (x, qκ) = p
(α)
n (x, κ)[1− λξ(α)nn (κ)]− λ
n−1∑
j=0
p
(α)
j (x, κ)ξ
(α)
jn (κ). (3.13)
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Theorem 3.2. The κ-deformation of the recursive coefficients associated with the generalized
little q-Laguerre orthonormal polynomials is given by
Dκq a(α)n (κ) =
ξ
(α)
n−1,n−1(κ)− ξ(α)nn (κ)
1− λξ(α)nn (κ)
a(α)n (κ), (3.14)
Dκq b(α)n (κ) =
q
1− q

( a(α)n (κ)
1− λξ(α)nn
)2
−
(
a
(α)
n+1(κ)
1− λξ(α)n+1,n+1
)2 , (3.15)
where ξ
(α)
nn (κ) is given in Eq.(3.4).
Proof. We compute the q-derivative with respect to the κ variable on the action of position
operator, xp
(α)
n (x, κ), in two ways:
We first compute the q-derivative, with respect to κ of the recursive relation,
Dκq [xp(α)n (x, κ)] = Dκq [a(α)n+1(κ)p(α)n+1(x, κ) + b(α)n (κ)p(α)n (x, κ) + a(α)n (κ)p(α)n−1(x, κ)]
= [Dκq a(α)n+1 + ξ(α)n+1,n+1a¯(α)n+1]p(α)n+1 + [Dκq b(α)n + ξ(α)n,n+1a¯(α)n+1 + ξ(α)nn b¯(α)n ]p(α)n
+ [Dκq a(α)n + ξ(α)n−1,n−1a¯(α)n + ξ(α)n−1,nb¯(α)n ]p(α)n−1 + [ξ(α)n−2,n−1a¯(α)n ]p(α)n−2. (3.16)
Here ξ
(α)
mn are the Fourier coefficients (matrix elements) of Eq.(3.1), and we suppress the
dependence on κ for simplicity.
On the other hand, since Dκq commutes with the position operator x, we first compute the
q-derivative (w.r.t κ variable) of the orthonormal polynomials and then apply the position
operator.
xDκq [p(α)n (x, κ)]
= [ξ(α)nn a
(α)
n+1]p
(α)
n+1 + [ξ
(α)
n−1,na
(α)
n + ξ
(α)
nn b
(α)
n ]p
(α)
n
+ [ξ(α)nn a
(α)
n + ξ
(α)
n−1,nb
(α)
n−1]p
(α)
n−1 + [ξ
(α)
n−1,na
(α)
n−1]p
(α)
n−2. (3.17)
By comparing the corresponding coefficients of each orthonormal polynomials as calculated
in Eqs.(3.16), (3.17), we get the following set of relations:
Dκq a(α)n = ξ(α)n−1,n−1a(α)n − ξ(α)nn a¯(α)n , (3.18)
Dκq b(α)n = ξ(α)nn (b(α)n − b¯(α)n ) + [ξ(α)n−1,na(α)n − ξ(α)n,n+1a¯(α)n+1], (3.19)
Dκq a(α)n = ξ(α)n−1,n(b(α)n−1 − b¯(α)n ) + [ξ(α)nn a(α)n − ξ(α)n−1,n−1a¯(α)n ], (3.20)
ξ
(α)
n−2,n−1a¯
(α)
n = ξ
(α)
n−1,na
(α)
n−1. (3.21)
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Note that the last result allows us to replace the rescaled recursive coefficients a¯
(α)
n in terms
of the Fourier coefficients and the unscaled recursive coefficients
a(α)n (qκ) =
ξ
(α)
n−1,n(κ)
ξ
(α)
n−2,n−1(κ)
a
(α)
n−1(κ) =
1− λξ(α)n−1,n−1
1− λξ(α)nn
a(α)n (κ), (3.22)
where the second equality of the above relation follows from Eq.(3.18). We have also checked
that Eqs.(3.18), (3.20) are compatible.
Finally, after some manipulations, we get the coupled q-difference equations, Eqs.(3.14),
(3.15).

3.2. q-Difference equations for the recursive coefficients of the q-Hermite or-
thonormal polynomials.
In this section, we shall derive the q-difference equation for the recursive coefficients of
the q-Hermite orthonormal polynomials. In order to achieve this, we need to compute the
Fourier coefficients of the q-derivative of the q-Hermite orthonormal polynomials with respect
to parameter κ,
DκqP (α)n (x; κ) =
n∑
j=0
P
(α)
j (x; κ)Ξ
(α)
jn (κ), (n− j is even). (3.23)
Note that, by recalling the definition of the q-derivative, Eq.(A.3), we can also transform the
equation above into the Fourier expansion of the q-evolved q-Hermite orthonormal polyno-
mials with respect to parameter κ,
P (α)n (x; qκ) = [1− λΞ(α)nn ]P (α)n (x; κ)− λ
n−1∑
j=0
P
(α)
j (x; κ)Ξ
(α)
jn (κ). (3.24)
Due to the parity conserving property of the q-Hermite ensembles, we find that it is easier
to firstly present the κ-deformation of the recursive coefficients in terms of Ξ
(α)
nn and A
(α)
n .
Theorem 3.3. The κ-deformation of the recursive coefficients associated with the q-Hermite
orthonormal polynomials is given by
DκqA(α)n (κ) =
Ξ
(α)
n−1,n−1(κ)− Ξ(α)nn (κ)
1 + κ(q − 1)Ξ(α)nn (κ)
A(α)n (κ). (3.25)
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Proof. We compute the Dκq derivative on the product xP (α)n (x; κ) in two ways.
Dκq [xP (α)n (x; κ)] = Dκq [A(α)n+1(κ)P (α)n+1(x; κ) + A(α)n (κ)P (α)n−1(x; κ)]
= x[
n∑
j=0
P
(α)
j (x; κ)Ξ
(α)
jn (κ)]
=
n∑
j=0
[A
(α)
j+1(κ)P
(α)
j+1(x; κ) + A
(α)
j (κ)P
(α)
j−1(x; κ)]Ξ
(α)
jn (κ)]. (3.26)
By comparing the coefficients of P
(α)
n+1(x; κ) of the first and the third lines of the previous
equation, we get the following results:
DκqA(α)n+1(κ) = Ξ(α)nn (κ)A(α)n+1(κ)− Ξ(α)n+1,n+1(κ)A(α)n+1(qκ), (3.27)
which implies
A
(α)
n (qκ)
1− λΞ(α)n−1,n−1(κ)
=
A
(α)
n (κ)
1− λΞ(α)n,n(κ)
, (3.28)
and
DκqA(α)n (κ) =
Ξ
(α)
n−1,n−1(κ)− Ξ(α)nn (κ)
1 + κ(q − 1)Ξ(α)nn (κ)
A(α)n (κ). (3.29)

Following similar discussion as Theorem 2.4, we can express the Fourier coefficients of the
κ-deformation of the orthonormal polynomials in terms of the recursive coefficients A
(α)
n (κ).
Theorem 3.4. The Fourier coefficients of the κ-deformation of the orthonormal polynomials
associated with the q-Hermite weight is given as (λ := (1− q)κ)
DκqP (α)n (x, κ) = P (α)n (x, κ)Ξ(α)nn (κ) + P (α)n−2(x, κ)Ξ(α)n−2,n(κ), (3.30)
where,
Ξ
(α)
n−2,n(κ) =
(
q2κ
1− q
)
A
(α)
n A
(α)
n−1
1− λΞ(α)n,n
, (3.31)
Ξ(α)n,n(κ) =
1√
2(1− q)κ


√
2−
√
1− (qκ)2 A¯(α)n (+) +
√
1− 2 (qκ)2 A¯(α)n (+) + (qκ)4
[
B¯
(α)
n
]2
 ,
(3.32)
A¯(α)n (+) :=
(
A¯
(α)
n+1
)2
+
(
A¯(α)n
)2
, and B¯(α)n :=
[
A¯
(α)
n+1(+)
]2
− 4
[
A(α)n A
(α)
n−1
]2
. (3.33)
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Proof. By taking the q-derivative (w.r.t κ) on the orthonormal condition
Dκq
(∫ 1
−1
P (α)m (x; κ)P
(α)
n (x; κ)ω
(α)(x; κ)dqx
)
= 0, (3.34)
we get (assuming m ≤ n)
∫ 1
−1
(DκqP (α)m (x; κ))P (α)n (x; κ)ω(α)(x; κ)dqx
+
∫ 1
−1
P (α)m (x; qκ)
(DκqP (α)n (x; κ))ω(α)(x; κ)dqx
+
∫ 1
−1
P (α)m (x; qκ)P
(α)
n (x; qκ)
(Dκqω(α)(x; κ)) dqx = 0. (3.35)
Substituting the Fourier expansion, Eqs.(3.23), into the first two terms of (3.35), and using
the Pearson relation (in the κ variable) for the q-Hermite weight, we get
δmnΞ
(α)
nn + (1− λΞ(α)mn)Ξ(α)mn − λ
m−1∑
j=0
Ξ
(α)
jmΞ
(α)
jn
+ δmn
(
q2κ
q − 1
){(
A¯
(α)
n+1
)2
+
(
A¯(α)n
)2}
+ δm,n−2
(
q2κ
q − 1
)
A¯
(α)
n−1A¯
(α)
n = 0. (3.36)
In order to illustrate the content of this equation, we consider the following specializations:
Case 1: m ≤ n− 3
In this case, the master equation reduces to
(1− λΞ(α)mm)Ξ(α)mn − λ
m−1∑
j=0
Ξ
(α)
jmΞ
(α)
jn = 0.
By the mathematical induction, we show that Ξ
(α)
mn = 0, if 3 ≤ n−m. Consequently,
the Fourier expansion of the q-derivative (w.r.t κ variable) on the q-Hermite orthonor-
mal polynomials only consist of two terms:
DκqP (α)n (x, κ) = P (α)n (x, κ)Ξ(α)nn (κ) + P (α)n−2(x, κ)Ξ(α)n−2,n(κ). (3.37)
Case 2: m = n− 2
In this case, the master equation reduces to
(1− λΞ(α)n−2,n−2)Ξ(α)n−2,n − λ
n−3∑
j=0
Ξ
(α)
j,n−2Ξ
(α)
jn +
q2κ
q − 1A¯
(α)
n A¯
(α)
n−1 = 0.
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Since we have showed that Ξ
(α)
jn = 0 for j ≤ n− 3 in Case 1, we can use the equation
above to express the off-diagonal Fourier coefficient in terms of the diagonal ones:
Ξ
(α)
n−1,n+1 =
(
q2κ
1− q
)
A¯
(α)
n+1A¯
(α)
n
1− λΞ(α)n−1,n−1
=
(
q2κ
1− q
)
A
(α)
n+1A
(α)
n
1− λΞ(α)n+1,n+1
. (3.38)
For the second equality of the equation above, we use Eq.(3.28) to replace A¯
(α)
n in
terms of A
(α)
n .
Case 3: m = n− 1
Due to the parity preserving property associated with the q-Hermite ensemble,
Ξ
(α)
n−1,n = 0, we have no constraint in this case.
Case 4: m = n
In this case, we have
Ξ(α)nn + (1− λΞ(α)nn )Ξ(α)nn − λ(Ξ(α)n−2,n)2 =
(
q2κ
1− q
)[(
A¯
(α)
n+1
)2
+
(
A¯(α)n
)2]
. (3.39)
After suitable rearrangement, we get
(1− λΞ(α)nn )2 +
(qκ)4
(
A¯
(α)
n
)2 (
A¯
(α)
n−1
)2
(1− λΞ(α)n−2,n−2)2
= 1− (qκ)2
{(
A¯
(α)
n+1
)2
+
(
A¯(α)n
)2}
. (3.40)
On the other hand, by replacing A¯
(α)
n by A
(α)
n , using Eq.(3.38), we derive a quadratic
equation for (1− λΞ(α)nn )2,
(1− λΞ(α)nn )2 +
(qκ)4
(
A
(α)
n
)2 (
A
(α)
n−1
)2
(1− λΞ(α)nn )2
= 1− (qκ)2
{(
A¯
(α)
n+1
)2
+
(
A¯(α)n
)2}
. (3.41)
Hence, Ξ
(α)
nn can be solved in terms of A
(α)
n and A¯
(α)
n . 
By substituting the solution of Ξ
(α)
nn for Eq.(3.41) back to Eq.(3.25), we get closed q-
difference equations for the recursive coefficients of the generalized q-Hermite ensemble.
3.3. On the compatibility of the quadratic relation and q-Toda equations.
In this section, we check the compatibility between the quadratic relation Eqs. (2.17),
(2.18),(2.19), (2.20) and the q-Toda equation Eqs. (3.14), (3.15), (3.25). To see this, we first
example the Fourier coefficients of the q-derivative of the orthonormal q-Laguerre/Hermite
polynomials (w.r.t κ).
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Theorem 3.5. The Fourier coefficients of the q-derivative (w.r.t κ) of the orthonormal q-
Laguerre/Hermite polynomials (Eqs. (3.1), (3.23)) are related by the quadratic relations
Ξ
(α)
2n,2n(κ, q) = (1 + q)κξ
(α)
nn (κ
2, q2),
Ξ
(α)
2n+1,2n+1(κ, q) = (1 + q)κξ
(α+1)
nn (κ
2, q2).
Proof. We relate the q-derivative (w.r.t κ) of the orthonormal q-Hermite polynomials Eq.
(2.20) to that of the q-Laguerre polynomials in two ways. First of all, for even polynomials
DκqP (α)2n (x; κ, q)
=
P
(α)
2n (x; κ, q)− P (α)2n (x; qκ, q)
(1− q)κ
=
p
(α)
n (x2; κ2, q2)− p(α)n (x2; q2κ2, q2)
(1− q2)κ2
(1 + q)
3
2κ√
2
=
(1 + q)
3
2κ√
2
[
Dκ2q2 p(α)n (x2; κ2, q2)
]
=
(1 + q)
3
2κ√
2
[
p(α)n (x
2; κ2, q2)ξ(α)nn (κ
2, q2) + p
(α)
n−1(x
2; κ2, q2)ξ
(α)
n−1,n(κ
2, q2)
]
. (3.42)
On the other hand, if we write the Fourier expansion of the q-derivative (w.r.t κ) of the
q-Hermite polynomials
DκqP (α)2n (x; κ, q)
= P
(α)
2n (x; κ, q)Ξ
(α)
2n,2n(κ, q) + P
(α)
2n−2(x; κ, q)Ξ
(α)
2n−2,2n(κ, q)
=
√
1 + q
2
p(α)n (x
2; κ2, q2)Ξ
(α)
2n,2n(κ, q) +
√
1 + q
2
p
(α)
n−1(x
2; κ2, q2)Ξ
(α)
2n−2,2n(κ, q). (3.43)
By comparing the two results Eqs. (3.42), (3.43), we obtain
Ξ
(α)
2n,2n(κ, q) = (1 + q)κξ
(α)
nn (κ
2, q2), (3.44)
Ξ
(α)
2n−2,2n(κ, q) = (1 + q)κξ
(α)
n−1,n(κ
2, q2). (3.45)
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Next, we compare the odd q-Hermite polynomials.
DκqP (α)2n+1(x; κ, q)
=
(1 + q)
3
2κ√
2
xDκ2q2 p(α+1)n (x2; κ2, q2)
=
(1 + q)
3
2κ√
2
x
[
p(α+1)n (x
2; κ2, q2)ξ(α+1)nn (κ
2, q2) + p
(α+1)
n−1 (x
2; κ2, q2)ξ
(α+1)
n−1,n(κ
2, q2)
]
, (3.46)
and
DκqP (α)2n+1(x; κ, q)
= P
(α)
2n+1(x; κ, q)Ξ
(α)
2n+1,2n+1(κ, q) + P
(α)
2n−1(x; κ, q)Ξ
(α)
2n−1,2n+1(κ, q)
=
√
1 + q
2
xp(α+1)n (x
2; κ2, q2)Ξ
(α)
2n+1,2n+1(κ, q) +
√
1 + q
2
xp
(α+1)
n−1 (x
2; κ2, q2)Ξ
(α)
2n−1,2n+1(κ, q).
(3.47)
By comparing the two results, Eqs. (3.46), (3.47), we obtain
Ξ
(α)
2n+1,2n+1(κ, q) = (1 + q)κξ
(α+1)
nn (κ
2, q2), (3.48)
Ξ
(α)
2n−1,2n+1(κ, q) = (1 + q)κξ
(α+1)
n−1,n(κ
2, q2). (3.49)

In fact, the quadratic relation among the Fourier coefficients of the q-Laguerre/Hermite
polynomials are equivalent to the quadratic relation among the recursive coefficients of the
q-Laguerre/Hermite polynomials. To see this, we rewrite the Eq. (3.38) (set n = m− 1) as
A(α)m (κ, q)A
(α)
m−1(κ, q) =
1− q
q2κ
Ξ
(α)
m−2,m(κ, q)
[
1− (1− q)κΞ(α)mm(κ, q)
]
. (3.50)
For m = 2n, after substituting Eqs. (3.44), (3.45) and using Eq. (3.9), we get
A
(α)
2n (κ, q)A
(α)
2n−1(κ, q) =
1− q2
q2
ξ
(α)
n−1,n(κ
2, q2)
[
1− (1− q2)κ2ξ(α)nn (κ2, q2)
]
= a(α)n (κ
2, q2).
(3.51)
For m = 2n+ 1, after substituting Eqs. (3.48) , (3.49) and using Eq. (3.9), we get
A
(α)
2n+1(κ, q)A
(α)
2n (κ, q) =
1− q2
q2
ξ
(α+1)
n−1,n(κ
2, q2)
[
1− (1− q2)κ2ξ(α+1)nn (κ2, q2)
]
= a(α+1)n (κ
2, q2).
(3.52)
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Similarly, rewriting Eq. (3.40),
(qκ)2
[(
A
(α)
m+1(qκ, q)
)2
+
(
A(α)m (qκ, q)
)2]
= 1− [1− (1− q)κΞmm(κ, q)]2 −
(qκ)4
[
A
(α)
m (κ, q)
]2 [
A
(α)
m−1(κ, q)
]2
[1− (1− q)κΞmm(κ, q)]2 , (3.53)
then by substituting Eqs.(2.17), (2.19), (3.10), (3.44), (3.45), for eitherm = 2n orm = 2n+1,
we reproduce Eqs.(2.18), (2.20).
4. Summary and Conclusion
In this paper, we study the exponential deformation/evolution of the generalized little
q-Laguerre/Hermite polynomials. Our study serves as a q-discrete generalization for the
correspondence between the Lax equation of the Toda lattice and the exponential deformation
of any orthogonal polynomial system. In addition, we also discuss the implications and
compatibility of the quadratic relation among q-Laguerre and q-Hermite orthogonal system.
While it is not clear, at the present stage if we can write down a q-discrete Lax equation
for the systems under study, but our calculation at least provide a possible hint of further
explorations. Furthermore, it is of interest to compare with other approaches [16] for this
problem, to see if there are simpler expressions for the results obtained in this paper.
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Appendix A. Some Basic Definitions and Relations for q-Analysis (0 < q < 1)
In this section, we collect some basic definitions and formulas which are relevant to our
discussions.
The q-integral (Jackson integral) for a function f(x) over the region x ∈ [0, a] is defined as
F (a) :=
∫ a
0
f(x)dqx := a(1− q)
∞∑
k=0
f(aqk)qk, (A.1)
F (a, b) :=
∫ a
b
f(x)dqx := F (a)− F (b). (A.2)
This is compatible with the definition of the q-derivative
Dxq f(x) :=
f(qx)− f(x)
qx− x =
f(x)− f(qx)
x(1 − q) (A.3)
in the following senses:
(1) Fundamental theorem of the q-calculus
DaqF (a) = f(a), (A.4)∫ a
0
[Dxq f(x)]dqx = f(a)− f(0). (A.5)
(2) The linear change of variables can be implemented in q-integral:∫ a
0
f(cx)dqx =
1
c
∫ ca
0
f(y)dqy. (A.6)
There are some subtleties associated with the q-derivative, in particular, the q-Lebinitz
rule is given as
Dxq [f(x)g(x)] =
f(qx)g(qx)− f(x)g(x)
(q − 1)x
= f(qx)[Dxq g(x)] + [Dxq f(x)]g(x)
= [Dxq f(x)]g(qx) + f(x)[Dxq g(x)]. (A.7)
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